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Maximally correlated matter from many-body quantum coherence
T. J.Volkoff
Department of Physics, Konkuk University, Seoul 05029, Korea
We construct quantum coherence resource theories in symmetrized Fock space (QCRTF) that
unify previous frameworks for the analysis of coherence in discrete-variable (DV) and continuous
variable (CV) quantum systems. Unlike traditional finite dimensional or CV quantum coherence
resource theories, QCRTF can be made independent of the single-particle basis and allows to quantify
coherence within and between particle number sectors. In a basis-independent QCRTF, we construct
free quantum channels that are associated with Stinespring isometries that preserve the set of free
states and show that an energy density constraint can be imposed on the free channels that still allows
a wide range of protocols to be implemented within the resource theory. The QCRTF framework
is utilized to calculate the optimal asymptotic distillation rate of maximally correlated states both
for particle number conserving resource states and resource states of indefinite particle number. In
particular, we show that energy density preserving manipulations of bosonic insulating states allow
the extraction of a uniform superposition of maximally correlated states from a state of maximal
bosonic coherence with asymptotically unit efficiency.
I. INTRODUCTION
Protocols for transferring quantum coherence from dis-
crete variable (DV) quantum systems to continuous vari-
able (CV) quantum systems, and vice versa, provide vital
links between quantum information processing platforms
[1]. Although most proposed protocols involve explicit
models for light-matter dynamics [2, 3], for analyses of
fundamental limits on processing quantum coherence it
is useful to restrict the availability of quantum states and
channels according to a resource-theoretic framework [4–
6]. For example, utilizing local Gaussian operations (i.e.,
quantum channels that map Gaussian states to Gaus-
sian states), it is possible to produce Gaussian entan-
glement from entangled DV quantum systems [7]. The
recent development of quantum coherence resource the-
ories (QCRT) for DV and CV quantum systems allow to
place such protocols within the more general context of
coherence manipulations [6, 8–10].
In previously studied QCRTs, the free states of com-
posite quantum systems are constructed from the ten-
sor product of free states of a single subsystem [11–14].
When the free states of a single subsystem are separable,
this necessarily implies that free states of the composite
system are separable. However, in the case of bosonic
matter, all states that are not statistical mixtures of
Bose-Einstein condensates (BEC) exhibit entanglement.
This fact motivates the analysis of QCRTs for identical
particles [15–17] and suggests the possibility of consider-
ing statistical mixtures of SU(M) coherent states as free
states in a QCRT.
In the present work, we take this idea further to de-
fine three interrelated quantum coherence resource the-
ories on bosonic Fock space (QCRTF) that provide a
framework to analyze quantum coherence in DV and CV
quantum systems. Our main results concerning the struc-
ture of QCRTF relate a subset of free quantum chan-
nels to unitary system-environment dynamics that pre-
serve the set of free states, showing that in certain in-
stances of QCRTF, dynamical resources are not neces-
sary to implement free quantum operations. In Section
IIA we discuss some features of QCRTF that are rele-
vant to practical implementations, including the possi-
bility of constraining the set of free quantum channels
to preserve the energy density according to a partition
of the single-particle modes. Among the quantum co-
herence manipulation protocols that can be formulated
within the QCTRF, we focus in Section III on the dis-
tillation of maximal correlations between pairs of modes
(i.e., determination of the largest R > 0 such that nR
copies of a maximally correlated (MC) state with energy
E are produced from n copies of a given quantum state
with energy E by using only free quantum channels in
the QCRTF). This approach yields the asymptotic MC
distillation rate for Bose-Einstein condensates, pair cor-
related states [18], and maximally coherent states of in-
definite particle number. In the latter case, we show
that preparation of maximal coherence with respect to
QCRTF allows extraction of intermode correlations with
asymptotically unit efficiency.
The setting of our analysis is the symmetrized Fock
space FM = C|VAC〉 ⊕ PB
⊕∞
N=1H⊗N associated to
an M -dimensional single-particle Hilbert space H, with
PB the Bose projector and N -particle sectors labeled
F (N)M := QNFM where QN is the N -particle sector pro-
jection. For a physical picture, one can consider, e.g., op-
tically trapped ultracold bosons in the grand canonical
ensemble. Since the quantum coherence resource theo-
ries that we consider interpolate between descriptions of
DV quantum coherence and CV quantum coherence, we
use the generic notation S(K) for quantum states on a
given Hilbert space K. We use an asterisk to denote the
adjoint of a linear operator on K.
II. QUANTUM COHERENCE IN BOSONIC
FOCK SPACE
We motivate and define three versions of QCRTF
which have free state sets that are related by inclusion.
2However, the corresponding sets of free operations are
not so simply related, and thus allow to analyze a wide
variety of information processing protocols.
As a first step, consider the restricted quantum co-
herence resource theory QCRT
(N)
M , which is associated
to a particle number sector F (N)M , N ∈ Z≥0. The free
states in QCRT
(N)
M are discrete probability measures on
the Fock states |~m〉〈~m| where ~m = (m1, . . . ,mM ) ∈ ZM≥0
and |~m| := ∑Mj=1mj = N . We refer to this set of free
states as ∆
(N)
M , its extreme points (pure free states) as
P
(N)
M and take ∆
(0)
M := P
(0)
M = |VAC〉〈VAC|, the empty
vacuum, for all M . The set of free operations E(N)M is
taken to be those completely positive, trace perserving
(CPTP) quantum channels Φ for which the indexed set
of bounded operators {Kβ}β acting on F (N)M provide a
Kraus decomposition for Φ and further satisfies∑
β
K∗βKβ = I
(N)
KβρK
∗
β/trKβρK
∗
β ∈ ∆(N)M (1)
for all indices β and ρ ∈ ∆(N)M . E(N)M is a proper subset
of the set of CPTP Φ such that Φ(∆
(N)
M ) ⊂ ∆(N)M , except
in the cases of QCRT
(0)
M and QCRT
(N)
1 , in which the
respective identity channels are the only free channels.
Note that due to the bosonic symmetry, QCRT
(N)
M is
not equivalent to a tensor product of quantum coherence
resource theories of a finite dimensional Hilbert space
with orthonormal basis {|1〉, . . . , |M〉} defining the free
states [19]. For example, in such a tensor product, the
two-particle, non-bosonic state |1〉A ⊗ |2〉B is free. With
these definitions in hand, the first version of QCRTFM ,
called QCRTF
(A)
M , is straightforwardly defined by the set
of free states ∆AM := ⊕N≥0pN∆(N)M , where pN is a dis-
crete probability density on Z≥0, and the set of free op-
erations EAM := ⊕N≥0E(N)M . As a concrete example of
states in ∆AM , we note that ∆
A
M=Ld contains Gibbs states
of free, non-relativistic bosons on the lattice {1, . . . , L}×d
at temperature T ≥ 0 and chemical potential µ ∈ R. Free
quantum channels from ∆AM to ∆
A
M ′ are constructed via
Φ2 ◦ Q ◦ Φ1 where Φ1(2) ∈ EAM(M ′), and Q is the partial
trace over modes or bosonic mode appending channel.
Explicitly, incoherent quantum systems are appended via
tensor product followed by Bose symmetrization, e.g.,
|n1, . . . , nM ′〉 ∈ ∆AM ′ with |~n| = N ′ defines the append-
ing channel ∆AM → ⊕N≥N ′∆(N)M+M ′ ⊂ ∆AM+M ′ given by|~m〉 → |~m,~n〉.
Not every element of the set of free operations in
QCRTF(A) given in Eq.(1 can be written as a concatena-
tion of the following three quantum channels: appending
a free environment state, evolving by a free system-plus-
environment interaction, and tracing over the environ-
ment degrees of freedom (such a concatenation defines
the existence of a free Stinespring dilation). However,
because the ∆
(N)
M has a natural action by the permuta-
tion group on
(
N+M−1
N
)
letters, the subset of EAM that
can be expressed in such a free Stinespring form can be
constructed following Proposition 1 of Ref.[20].
In the examples that we consider in Sec.III, it will
be useful to define a version of QCRTFM that main-
tains the particle number superselection sectors as in
QCRTF
(A)
M , but is independent of the single-particle ba-
sis. A quantum coherence resource theory QCRTF
(B)
M
that allows to do this is defined by a set of free states
∆BM such that ρ ∈ ∆BM if and only if for any 0 < ǫ < 2,
there is an N ∈ Z≥0, a joint probability density P :
U(M)× (P(0)M ⊕ · · · ⊕P(N)M )→ R, and ρ′ ∈ S(FM ) hav-
ing the form
ρ′ =
∑
σ
∫
µ(dg)P (g, σ)UgσU
∗
g (2)
such that ‖ρ−ρ′‖1 < ǫ. In Eq.(7), µ(dg) is the normalized
Haar measure on U(M) [21, 22], so that ∆BM consists of
statistical mixtures of linear optical quantum computa-
tions on ∆AM . Note that applying the quantum channel
ρ 7→ limN→∞
∑
σ∈P(0)M ⊕···⊕P
(N)
M
σρσ to ∆BM gives ∆
A
M .
The free set ∆BM has striking features which makes it ap-
propriate for the consideration of many-body quantum
coherence, as opposed to single-particle quantum coher-
ence. For example, unlike QCRT
(1)
M , all single-particle
quantum states are contained in ∆BM . By the same rea-
soning, all Bose-Einstein condensates are contained in
∆BM . The general consequence of these facts is that the
definition Eq.(2) is independent of how the single-particle
basis of H is chosen. In general, any pure element of ∆BM
is given by the ground state of a twisted Bose-Hubbard
interaction of the form
Hg :=
M∑
j=1
Ug(a
∗
jaj −mj)2U∗g . (3)
Such an interaction can be compared to the locally vary-
ing potentials that arise in the physics of ultracold atoms
in random optical traps [23].
The set of free operations in QCRTF
(B)
M , EBM , is taken
to consist of quantum channels Φ having the compos-
ite form Φ = (⊕∞N=0ΦN ) where, for each N , ΦN (ρ) =∑
β K
(N)
β ρK
(N)∗
β , where K
(N)
β : F (N)M → F (N)M are
bounded and∑
β
K
(N)∗
β K
(N)
β = I
(N)
K
(N)
β ρK
(N)∗
β /trK
(N)
β ρK
(N)∗
β ∈ QN∆BMQN (4)
for all ρ ∈ ∆BM and for all β. Despite the proper subset
relation of free states given by ∆AM ⊂ ∆BM , the set EAM is
not contained in EBM . For example, the projection-valued
3measurement channel
ρ 7→ (IF2 − P )ρ(IF2 − P ) + PρP (5)
where P := |0, N〉〈0, N | + |N, 0〉〈N, 0|, is an element of
EA2 but not an element of EB2 since, e.g., it contains a
Kraus operator that maps the Bose-Einstein condensate
∝ (a∗1 + a∗2)N |VAC〉 ∈ ∆B2 to the GHZ state (NOON
state) (a∗N1 + a
∗N
2 )|VAC〉 /∈ ∆B2 . One major implica-
tion of the definition of EBM is that there is no free op-
eration (noiseless or stochastic) that maps QN∆
B
MQN
to QN ′∆
B
MQN ′ with N
′ 6= N . Therefore, the mean
particle number, defined via NM (ρ) := trNMρ where
NM :=
∑M
j=1 a
∗
jaj is the total number operator, is an
invariant of EBM . However, as in QCRTF(A)M , the particle
number sector can be changed by quantum channels of
the form Φ2◦Q◦Φ1 where Φ1(2) ∈ EBM(M ′) withM ′ 6=M .
Whereas resource theories of quantum coherence based
on dephasing covariant or translation invariant opera-
tions have free operations that can be characterized by
their Stinespring dilations, i.e., by the interactions of the
quantum system with an environment, this is not generi-
cally the case when free operations are given by the class
of strictly incoherent or incoherent operations [5, 6, 24].
It is therefore instructive to make a connection between
EBM and quantum dynamics defined via bosonic Stine-
spring dilations that satisfy certain constraints. Let WB
be the set of quantum channels η : S(FM )→ S(FM ) for
which there is an M ′ > M , and an isometry V : FM →
FM ′ such that
1. η(ρ) = trEV ρV
∗ ,
2. V |ψ〉 ∈ ∆BM ′ , ∀ |ψ〉 ∈ ∆BM . (6)
Proposition 1 then provides a Stinespring form for a non-
trivial subset of EBM , which makes use of the properties
of linear optical unitary channels UM , i.e., unitary chan-
nels U that act according to U(ρ) = UρU∗ for a uni-
tary U that acts on the vector of canonical operators
R = (qˆ1, pˆ1, . . . , qˆM , pˆM ) via U
∗RU = RT + b for an or-
thogonal matrix T ∈ SO(2M,R) ∩ Sp(2M,R) ∼= U(M)
and b ∈ R2M [25]. It is also useful to define the sub-
set U˜M ⊂ UM of linear optical unitaries that commute
with the number operatorNM :=
∑M
j=1 a
∗
jaj (and, there-
fore, its elements have b = 0 in their linear action on the
canonical variables).
Proposition 1. WB ⊂ EBM = and WB(∆BM ) ⊂ ∆BM .
If Φ ∈ EBM and for each N , there is a UN ∈ U˜M and
sequence (k
(N)
j )
M
j=1 ∈ Z×M≥0 such that the Kraus operators
{K(N)β }β∈JN of the restriction of Φ to the N particle sec-
tor satisfy
∑
β∈JN K
(N)
β = UN
∏M
j=1 a
∗k(N)j
j , where JN is
an index set, then Φ ∈ WB.
We provide detailed proofs of all propositions in Ap-
pendix A. In the context of general QCRT, the impor-
tance of Proposition 1 lies in the fact that, as mentioned
previously, free quantum channels in EAM do not gener-
ally have Stinespring isometries that map free quantum
states of a system to free quantum states of the system-
plus-environment, and it is interesting that there is a
non-trivial subset of elements of EBM that exhibit this
property even when the continuous symmetry of the set
∆BM is taken into account. Furthermore, the method of
proof of Propostion 1 also shows that for a system A the
set of linear bosonic channels with Stinespring isometry
of the form VA→CE |~m〉 = V PB|~m〉⊗ |~ℓ〉E belongs to EBM ,
where the C system is isometrically isomorphic to A, en-
vironment E is prepared in Fock state ~ℓ ∈ Z×M ′≥0 , and
V ∈ SO(2(M +M ′),R) defines an element of U˜M+M ′ (in
the study of dynamics of quantum optics, these channels
are in a class termed photon-added attenuators [26], and
form an important subset of Gaussian dilatable quantum
channels).
The final version of QCRTFM that we consider aims to
unify the finite-dimensional QCRT
(N)
M and the quantum
coherence resource theory of linear optics [8]. QCRTF
(C)
M
is defined by taking the set of free states ∆CM to be the
probability distributions over displacements of M -mode
bosonic vacua. Explicitly, ρ ∈ ∆M if any only if for any
0 < ǫ < 2, there is an N ∈ Z≥0 and a joint probability
density P : CM × U(M)× (P(0)M ⊕ · · · ⊕P(N)M )→ R and
ρ′ having the form
ρ′ =
∑
σ
∫
d2~α
πM
µ(dg)P (~α, g, σ)D(~α)UgσU
∗
gD(~α)
∗ (7)
such that ‖ρ − ρ′‖1 < ǫ. In Eq.(7), D(~α) := exp iRZTα ,
R = (q1, p1, . . . , qM , pM ) and Z~α ∈ R2M is the solu-
tion of the linear equation αj = (−z2j + iz2j−1)/
√
2,
j = 1, . . . ,M . Note that ∆BM can be expressed as the
image of the particle number sector decoherence chan-
nel applied to ∆CM , i.e., ∆
B
M = ⊕∞N=0QN∆AMQN . By
considering those P (~α, g, σ) in Eq.(7) that have support
contained in CM × U(M) × P(0)M , and noting that the
empty vacuum is invariant under beamsplitters, one ob-
tains the set of free states in the quantum coherence re-
source theory of linear optics (viz., classical states; those
quantum states with P -function given by a probability
density on CM ). However, the usual mathematical set-
ting of quantum optics is a tensor product of copies of
ℓ2(C), not the image of that tensor product under PB.
The connection between QCRTF
(C)
M and quantum optics
is made by going from the Fock representation FM to the
Schro¨dinger representationL2(RM ) of the canonical com-
mutation relations [27], i.e., by mapping the bosonic state
|~m〉 ∈ ∆(N)M to |m1〉 ⊗ · · · ⊗ |mM 〉 of an M -dimensional
quantum harmonic oscillator. Finally, from the set of
factorizable P (~α, g, σ) with the form P (~α, g, σ) ∝ δ(~α)
in Eq.(7), it is clear that ∆BM is a proper subset of ∆
C
M
(e.g., a coherent state D(~α)|~m〉 ∈ ∆M is not in ∆BM ).
A simple set of operations ECM in QCRTF(C)M is con-
structed by a method analogous to the previous exam-
ples. The set ECM is defined to be those CPTP Φ, for
4which there exists an indexed set of bounded operators
{Kβ}β acting on FM and a V ∈ UM such that∑
β
K∗βKβ = IFM
KβρK
∗
β/trKβρK
∗
β ∈ ∆CM (8)
for all ρ ∈ ∆AM where IFM := ⊕∞N=0I(N) is the Fock
space identity. Note that there are no noiseless elements
of EM that map one particle number sector into another
(the image of a displacement map has infinite dimen-
sional support). The idea in the second part of the proof
of Proposition 1 leads to an analogous partial result for
QCRTFCM . We define WC by replacing “B” by “C” in
definition 6.
Proposition 2. WC ⊂ ECM and WC(∆CM ) ⊂ ∆CM .
If Φ ∈ ECM has Kraus operators {Kβ}β∈J where J is
an index set, and if there is a U ∈ UM , sequences
(kj)
M
j=1 ∈ Z×M≥0 and (αj)Mj=1 ∈ CM such that
∑
β∈J Kβ =
U
∏M
j=1(a
∗
j + αj)
kj , then Φ ∈ WC .
Quantum states in S(FM ) exhibit coherence with re-
spect to QCRTF
(A)
M in two ways, viz., a state can have
coherence between particle number sectors or within a
particle number sector. For example, in QCRTF
(A)
M ,
average coherence within the particle number sectors
can be defined via the weighted entropy of coher-
ence C(ρ) =
∑
N≥0(trQNρ)CN (ρ) where CN (ρ) =
H(
∑
σ∈P(N)M
σQNρQNtrQNρ σ)−H(
QNρQN
trQNρ
), whereH is the von
Neumann entropy function on quantum states [12]. On
the other hand, the total coherence can be quantified
by CA(ρ) = limN→∞H(
∑
σ∈P(0)M ⊕···⊕P
(N)
M
σρσ) − H(ρ).
Quantum states in S(FM ) can exhibit coherence with
respect to QCRTF
(B,C)
M if they exhibit superposition in
the basis of coherent states with various bosonic vacua.
For QCRTF
(B,C)
M , coherence measures that satisfy widely
adopted axioms for the quantification of quantum coher-
ence can be constructed by generalizing the algorithm in
Ref.[8]. Since our examples in Sec.III make use of the
aforementioned entropy of coherence C and CA, we do
not flesh out the details of extending the algorithm here.
A. Physical considerations
We conclude this section with a discussion of some
features of the QCRTF
(A,B,C)
M that are relevant to the
physical aspects of information processing within these
theories. Firstly, unlike for finite-dimensional quan-
tum coherence resource theories on spin-1/2 chains, the
CNOT operation acting on two particles is not free in
any of the QCRTFM because it is not a linear trans-
formation of the bosonic Fock space (e.g., it maps the
bosonic state a∗0a
∗
1|VAC〉 = 1√2 (|0〉A⊗|1〉B+ |1〉A⊗|0〉B)
to 1√
2
(|0〉A ⊗ |1〉B + |1〉A ⊗ |1〉B)). The incoherent
nature of the CNOT operation is central to analyses
of the relation between coherence and entanglement in
DV systems [28, 29]. However, EA,B,CM contain bosonic
analogues of controlled operations. For example, in a
bosonic system of M ′ > M modes, the sequence {LN :=
|~mN 〉〈~mN |}∞N=0 ⊂ ⊕∞j=0∆(j)M (with |~mN | = N) together
with the sequence {UN}∞N=0 of linear optical unitaries
acting on modes M +1, . . . ,M ′ can be used to define the
unitary operator
∑∞
N=0 LN +
(
I(N) − LN
)
UN ∈ EB,CM ′ .
Finally, a principal criticism regarding the definition
of free operations as given in Eq.(1,4,8) is that there is
no a priori constraint on the energy density of the set
of free states. For example, in QCRTF
(A)
M there are free
quantum channels that transform the homogeneous state
|1, 1, . . . , 1〉 to |M, 0, . . . , 0〉, whereas such an operation
is not always feasible in a given optical trap setup. In
the protocols discussed in Section III for distillation of
maximally correlated states from initial states in S(F2),
we only consider free quantum channels that preserve the
energy density, i.e., preserve the expected local number
of particles with respect to a specified partition of the
single particle modes (even if the total number of modes
varies).
III. EXAMPLES AND MAXIMALLY
CORRELATED STATE DISTILLATION
The distillation of Gaussian entanglement from non-
Gaussian states reported in Ref.[7] involves only linear
optical unitary operations and local vacuum projections,
both of which are examples of quantum channels in EBM .
More generally, since particle detection measurements
are defined by projections in P
(0)
M ⊕ . . . ⊕ P(N)M , which
are in EBM , it follows that protocols that implement lin-
ear optical dynamics supplemented by particle detection
measurements or their coarse-grainings are also in EBM
(e.g., boson sampling [30], and cat state amplification
[31]). We now proceed to consider protocols for distilla-
tion of maximally correlated states within the QCRTF
framework. Our analysis will treat both cases of quan-
tum states with fixed particle number and indefinite par-
ticle number, and will make use of free quantum channels
that preserve the local particle number in expectation, in
accordance with the discussion in Section IIA.
A. Number conserving correlation distillation
We now consider the task of producing maximal corre-
lations from DV and CV mode-symmetric states within
the QCRTF framework. For the analysis of the present
subsection, which concerns states of fixed particle num-
ber N , we focus on a target state that consists of many
copies of a maximally correlated state in F (N)2 , e.g.,
|MCN 〉 ∝
∑N
m=0 |N −m,m〉. Note that MC1 ∈ ∆B,C2
since it is simply a maximally coherent qubit state, but
for N > 1, MCN /∈ ∆B,C2 . By imposing the constraint
5that initial states and target state have the same particle
number, the distillation rate provides an asymptotically
energy-independent quantity that characterizes the use-
fulness of the initial state as a resource for producing
quantum correlations.
To begin, consider n copies of a Bose-Einstein con-
densed state describing N particles condensed into an
equal-amplitude superposition of 2 orthogonal single-
particle states (i.e., n copies of an SU(2) coherent state)
BECN,n ∝
n∏
j=1
(a∗2j−1 + a
∗
2j)
N |VAC〉 ∈ ∆B2n. (9)
This is a bosonic version of n independent, identically
distributed Bose-Einstein condensates ∝ BEC⊗nN that
would be considered in a traditional quantum commu-
nication task. In order to derive the optimal asymptotic
rate R for extraction of nR copies of a MCN state from
BECN,n, we proceed by analogy with the optimal proto-
col for pure state distillation in the quantum coherence
resource theory of spin chains [12, 32]. We denote ~mn
a list (~m1, . . . , ~mn) such that ~mj = (mj,1,mj,2) ∈ Z×2≥0,
and |~mj | = N . It is clear that every projection onto a
type class Tt := {~mn : t~mn = t} is in ∆A2n, and therefore
the type class measurement is in EA2n. Because the ampli-
tudes of the state BECN,1 in the Fock basis are the square
root of the binomial distribution B(N, 1/2), application
of the type class measurement to the state BECN,n gives
the state
1√
2nH(B(N,1/2))
∑
~mn∈TB(N,1/2)
|~mj |=N
|~mn〉 (10)
for large n, where for a discrete probability density p,
H(p) is the Shannon entropy. To convert this state to
nR copies of a MCN state, one defines an isometry that
takes |~mn〉 ∈ TB(N,1/2) ⊂ ∆A2n to |~ℓ logN+1 |TB(N,1/2)|〉 ∈
∆A2 logN+1 |TB(N,1/2)|, where
~ℓj = (ℓj,1, ℓj,2) ∈ {(N −
r, r)}Nr=0. Such an isometry maps the state in (10) to∏logN+1 |TB(N,1/2)|
j=1 MC
(2j−1,2j)
N . The isometry also pre-
serves the expected particle number N in each mode,
therefore keeping the energy density constant (see Sec-
tion IIA). Therefore, the optimal rate is given by R =
1
n logN+1 |TB(N,1/2)| = s(N)−1H(B(N, 1/2)) (s(N) :=
log2N + 1) which goes to 1/2 as N → ∞. Note that
if the two orthogonal single particle modes that define
MCN are are taken to be different from the initial modes
of the n copies of BECN,n, the required unitary rotation
can be freely implemented in EB2n. Finally, it follows from
the asymptotics of the Shannon entropy of the multino-
mial distribution [33] that replacing the two mode, N
particle BEC in Eq.(9) by a M mode, N particle BEC
gives an optimal rate of MCN distillation that scales lin-
early with M .
This example leads to natural questions concerning
which states allow an optimal asymptotic rate of max-
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FIG. 1. Optimal distillation rate of maximally correlated
state for Ψ(θ = pi/4,m)N of ∆
(N)
2 (N up to 4000). The data
shown correspond to m = 0 (green), m = N/2 (blue), and
m = N/2−1 (black). Inset: optimal distillation rate of M˜CN
from maximally coherent state ΦN with respect to the same
abscissa as the main figure.
imal correlation production. For instance, one may seek
elements of ∆B2 that maximize the MCN distillation rate.
With this motivation, we consider the optimal asymp-
totic rate over all QN∆
B
2 QN . As seen from the previous
examples, the distillation rates for states of fixed particle
number are equal to the entropy of coherence C with re-
spect to QCRTF(A) (and scaled by an appropriate factor)
[12, 32]. The quantity C is convex on the quantum state
space and invariant under argument shifts of complex
Fock state amplitudes. Therefore, the search can be re-
stricted to pure states in QN∆
B
2 QN with real amplitudes,
without loss of generality. These states take the form
Ψ(θ,m)N ∝ (a∗1 + tan θa∗2)m (a∗1 − tan θa∗2)N−m |VAC〉,
and we search over θ ∈ [0, π/4] and m ∈ {0, 1, . . . , N/2}
due to the symmetry of the factors. From numerical com-
putation, we find that the greatest entropy of coherence
overQN∆
B
2 QN occurs for θ = π/4, but neither form = 0
(viz., BECN,1) nor m = N/2 (viz., the pair correlated
state
(
a∗21 + a
∗2
2
)N
2 |VAC〉 [18]). In Fig.1 we show the en-
tropy of coherence data for N up to 4000 for θ = π/4 and
selected values of m. Although m = N/2, θ = π/4 does
not give the greatest entropy of coherence overQN∆
B
2 QN
(and, therefore, does not allow the greatest MCN distil-
lation rate in QN∆
B
2 QN ), it is an interesting case for
two reasons: 1. the C(Ψ(π/4, N/2) ∼ log2Nx scaling
with x > 1/2 can be analytically verified (see Appendix
B), and 2. this state can be obtained from a two-mode
CV quadrature squeezed state by applying a beamsplit-
ter followed by the particle number sector projectionQN ,
which indicates that maximal correlations can be distilled
at a greater rate from quadrature squeezed states than
from coherent matter waves using operations from EA.
B. Non-number-conserving correlation distillation
We now consider the asymptotically optimal distilla-
tion rate of the following correlated state of indefinite
6particle number
|M˜CN 〉 := 1√
2N + 1
2N∑
k=0
|MCk〉 ∈ F2. (11)
Although it is possible to calculate the distillation rate of
|M˜CN 〉 from a CV coherent state (in ∆CM ) or CV quadra-
ture squeezed state (not in ∆CM ), which are analogous to
the cases of BECN and Ψ(
π
4 ,
N
2 ) considered in Subsection
IIIA, we focus in this section on a resource state which
exhibits maximal coherence with respect to QCRTF(A).
To do this, it is necessary to identify a maximally coher-
ent element of S(F2) that has expected particle number
N . Since this is a simple exercise in using the Karush-
Kuhn-Tucker conditions [34], we just state the result.
Lemma 1. An optimizer for max CA(ρ) subject to
ρ ∈ S(F2) and N2(ρ) = N is given by
|ΦN 〉 :=
∞∑
k=0
2
N + 2
(
N
N + 2
) k
2
k∑
r=0
|k − r, r〉. (12)
Note that the amplitudes of ΦN are not uniform
across particle number sectors. Further, it is clear that
QNΦNQN ∝ MCN . In Appendix C, we derive the
asymptotic scaling CA(ΦN ) ∼ log2N2, which shows that
superposition of particle number sectors allows a greater
maximal coherence compared to the case of fixed particle
number analyzed in the previous section. There, we also
derive CA(M˜CN ) for completeness.
A general state |GN 〉 ∈ F2 such that N2(GN ) = N ,
defines a joint probability distribution pX,Y (x, y) on
the subset of Z×2 defined by {(x, y) : x ≥ 0 , 0 ≤
y ≤ x}. This can be seen by writing |GN 〉 =∑∞
y=0
∑x
y=0
√
pX,Y (x, y)|x− y, y〉. Note that X and Y
are not necessarily independent random variables. Start-
ing from n bosonic copies of |GN 〉 (formed in the same
way as in Eq.(9)) one applies the δ-typical measurement
defined by the jointly typical subspace T δ corresponding
to pX,Y (x, y), which produces the following state with
high probability for large n:
1√|T δ|
∑
~n∈T δ
|~nn〉 (13)
where ~n ∈ {(N ′ − r, r) : N ′ ∈ Z≥0 , r ∈ {0, . . . , N ′}}.
Note that although |GN 〉 may have infinite dimensional
support, the state in (13) has finite dimensional support
because of the exponentially smaller cardinality property
of the jointly typical set [35]. The final step is to apply
an isometry that maps ~nn ∈ T δ to
|~ℓlog(2N+1)(N+1) |T δ|〉 ∈ ∆A2 log(2N+1)(N+1) |T δ|, (14)
where for any n′, ~ℓn
′
:= (~ℓ1, . . . , ~ℓn′) such that ~ℓj ∈ Z×2≥0,
and |~ℓj | ∈ {0, . . . , 2N}. Note that the image of this isom-
etry has the same dimension as T δ and that the expected
number of particles in each mode is N , which shows that
the isometry conserves the energy density. The output of
the isometry is log(2N+1)(N+1) |T δ| bosonic copies of the
state |M˜CN 〉. It follows that the n→∞ distillation rate
is
R = (log2(2N + 1)(N + 1))
−1H(pX,Y ). (15)
For |GN 〉 given by |ΦN 〉 in Eq.(12), this rate is shown in
the inset of Fig.1. The result shows that the maximally
coherent state with respect to QCRTF(A) can be used to
extract a uniform superposition of maximally correlated
states with almost unit efficiency.
IV. CONCLUSION
In this work, we have introduced and analyzed three
versions of QCRTF that allow a wide variety of DV and
CV quantum information processing protocols to be con-
sidered within a unified resource theoretic framework.
QCRTF(B) is of particular interest due to the fact that
the free quantum channels can be implemented by free
system-environment interactions (Proposition 1). This
result shows that linear optical quantum computations
on bosonic insulating states are sufficient to implement
any quantum dynamics that preserves ∆BM .
Our results on optimal distillation of maximally cor-
related states indicate that quantum coherence with re-
spect to QCRTF(A) is a resource for producing such cor-
relations. Because the sets of free quantum states and
free operations in the QCRTF framework are not limited
to classical states (e.g., states with positive P function)
and classical dynamics (e.g., convex combinations of pas-
sive canonical transformations), respectively, they allow
to circumvent certain no-go theorems of other many-body
resource theories that utilize such a classical or quasiclas-
sical framework, such as the impossibility of Gaussian en-
tanglement distillation by Gaussian local operations sup-
plemented by classical communication [36]. We note that
it is also possible to consider asymptotic distillation rates
of other entangled quantum states, e.g., GHZ states of N
particles in two orthogonal modes, within the QCRTF
framework and that, in such cases, the distillation rate
exhibits asymptotically non-constant scaling withN . Po-
tential directions of future research include analyses of
fully bosonic one-shot distillation and formation [24], and
localization of the QCRTF [17]. The results reported here
are expected to stimulate future work on optimal distil-
lation of many-body DV and CV quantum states that
are useful for quantum communication, quantum error
correction, or quantum metrology [37, 38], within the
framework of experimentally-motivated QCRTs.
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8Appendix A: Proofs of Propositions
Proof of Proposition 1. We provide a constructive proof that EBM ⊃ WB. Given η ∈ WB associated with an
isometry V as in Eq.(6) and an integer M ′ > M , we define an orthonormal basis |M + 1〉, . . . , |M ′ − 1〉, |M ′〉 for the
ancilla modes. The basic idea of the proof is, for each positive integer a to construct a set of Kraus operators {K(a)γ }γ
such that η(ρ) =
∑
γK
(a)
γ ρK
(a)∗
γ ∈ Qa∆BMQa for all ρ ∈ Qa∆BMQa. We take a = N for generality and remove the
superscript on K
(a)
γ , while remembering that the construct must be carried out for all particle number sectors. Note
that for ~m with |~m| = N , we can write
KγU |~m〉 = 〈~nγ |V U |~m〉 (A1)
where U ∈ U˜M and |~nγ〉 is a Fock state on the ancilla modes. Due to definition (6), there is an N ′ ≥ N and
U ′ ∈ U˜M ′ such that V U |~m〉 = U ′|m′〉 ∈ ∆BM ′ with |~m′| = N ′. Therefore, we take |~nγ | = N ′ − N , so that
Kγ |~m〉〈~m|K∗γ/trKγ |~m〉〈~m|K∗γ ∈ QN∆BMQN .
Note also that one can write U ′ = RVM+1 . . . VM ′−1VM ′ where R ∈ U˜M and Vℓ :=
∏ℓ−1
j=1 V
(ℓ,j), where V (ℓ,j) is a
particle number-conserving linear optical unitary on modes |ℓ〉 and |j〉 [39]. This decomposition provides the basis for
the following iterative construction.
1. There exists z1 ∈ C, V ′ ∈ U˜M ′−1, and |ψ(1)〉 ∈ spanC{|1〉, |2〉, . . . , |M ′ − 1〉} such that the unitary VM ′ =
V (1)Z(1), where
Z(1) := e
z1a
∗
ψ(1)
aM′−z1aψ(1)a
∗
M′ (A2)
where a∗
ψ(1)
is the creation operator of the single-particle mode |ψ(1)〉.
Note that Z(1) is a particle number-conserving linear optical unitary on modes |ψ(1)〉 and |M ′〉.
2. Construct a unitary Gram-Schmidt process G(1) in spanC{Z(1)|1〉, . . . , Z(1)|M ′ − 1〉} such that
G(1)Z(1)|M ′ − 1〉 = |ψ(1)〉. For any particle number-conserving linear optical unitary S on two modes,
and Fock state |ℓ1, ℓ2〉 on the two modes, 〈n|S|ℓ1, ℓ2〉 ∝ |ℓ1 + ℓ2 − n〉 [7]. Therefore,
〈~nγ |U ′|~m′〉 = 〈~n(1)γ |RVM+1VM+2 . . . VM ′−1V (1)G(1)∗|~m
′(1)〉 (A3)
where ~n
(1)
γ = ((~nγ)M+1, . . . , (~nγ)M ′−1) and |~m′(1)〉 is a Fock state on modes
G(1)Z(1)|1〉, . . . , G(1)Z(1)|M ′ − 2〉, |ψ(1)〉.
3. Rewrite the right hand side of Eq.(A3) as
〈~n(1)γ |Z(1)∗G(1)∗G(1)Z(1)RVM+1VM+2 . . . VM ′−1V (1)G(1)∗|~m
′(1)〉 (A4)
and note that this expression has the form (again from Ref.([39])):
〈~n(2)γ |R(1)V (1)M+1V (1)M+2 . . . V (1)M ′−1|~m
′(1)〉 (A5)
where |~n(2)γ 〉 is a Fock state on G(1)Z(1)|1〉, . . . , G(1)Z(1)|M ′ − 2〉, |ψ(1)〉 and V (1)j is a product of two mode
unitaries on mode pairs (G(1)Z(1)|1〉, G(1)Z(1)|j〉), . . . , (G(1)Z(1)|j − 1〉, G(1)Z(1)|j〉) (with G(1)Z(1)|M ′ − 1〉 =
|ψ(1)〉).
The result of Step 3 allows to apply Step 1 to V
(1)
M ′−1, et cetera. The end result after iterating this prodecureM
′−M
times is a state R(M
′−M)|~m′(M ′−M)〉 which is an element of QN∆BMQN .
For the second statement in Proposition 1, we let Φ ∈ EBM , Φ(ρ) = ⊕N≥0
∑
β∈JN K
(N)
β ρK
(N)∗
β where JN is a sequence
of index sets and show that if for allN , there exists U (N) ∈ U˜M and sequence (k(N)j )Mj=1 ∈ Z×M≥0 such that
∑
β∈J K
(N)
β =
U (N)
∏M
j=1 a
∗k(N)j
j , then Φ ∈ WB. Define the action of an isometry W by W |~m〉 =
∑
β∈J|~m| K
|~m|
β |~m,~n(β)〉 where
~n(β) = (0, . . . , 0, 1, 0, . . . , 0) with the 1 at position β and |~n(β)| = |J|~m||. Define V corresponding to an ele-
ment of SO(2|J|~m||,R) such that V a∗M+1V ∗ =
a∗M+1+...+a
∗
M+|J|~m||√
|J|~m||
. Then W |~m〉 ∝ ∑β∈J|~m| K |~m|β V |~m, 1, 0, . . . , 0〉 =
9U (|~m|)
∏M
j=1 a
∗k(|~m|)j
j V |~m, 1, 0, . . . , 0〉 ∈ ∆BM+|J|~m||. Therefore, Φ ∈ WB. 
Proof of Proposition 2. Given η ∈ WC , take M ′ = M + 1 and define bounded operators {Kγ}γ∈C on FM
by 〈~n|Kγ |~m〉 := 〈~n, 0M+1|D(γ)∗V |~m〉, where D(γ) is a displacement of the single-particle mode |M + 1〉 (instead
of taking γ ∈ C, one can use any subset of C for which displacements form a complete operator basis). Then
η(ρ) = trEV ρV
∗ =
∫
d2γ
π KγρK
∗
γ . From the definition of WC , it follows that given D(~α)Ug|~m〉 ∈ ∆CM there is an
element U |~m′〉 ∈ ∆CM ′ (U ∈ UM ′) such that KγD(~α)Ug|~m〉 = 〈0M+1|D(γ)∗U |~m′〉 := 〈0M+1|U ′|~m′〉, where U ′ :=
D(γ)∗U ∈ UM ′ . However, the operator 〈0M+1|U ′ is proportional to a unitary operator in UM . To see this, just note
that the projector U ′∗|0M+1〉〈0M+1|U ′ maps an M ′-mode coherent state D(~u)|VAC〉, ~u ∈ CM ′ , to another M ′-mode
coherent state of the same form (i.e., it occurs as a selected outcome of a heterodyne measurement on M ′ modes).
This proves the first statement in Proposition 2.
To prove the second statement, let Φ ∈ ECM satisfy the assumptions in the statement of the proposition and
let W |~m〉 = ∑β∈J Kβ|~m,~n(β)〉 where ~n(β) = (0, . . . , 0, 1, 0, . . . , 0) with the 1 at position β and |~n(β)| = |J |.
Define V corresponding to an element of SO(2|J |,R) such that V a∗M+1V ∗ =
a∗M+1+...+a
∗
M+|J|√
|J| . Then W |~m〉 ∝∑
β∈J KβV |~m, 1, 0, . . . , 0〉 = U
∏M
j=1(aj + αj)
∗kjV |~m, 1, 0, . . . , 0〉 = U ′∏Mj=1 a∗kjj D(~α)V |~m, 1, 0, . . . , 0〉 ∈ ∆BM+|J|~m||,
where in the last equality D(~α) is a displacement of modes |1〉, . . . , |M〉 and U ′ = UD(−~α). Therefore, Φ ∈ WC .

Appendix B: Scaling of entropy of coherence for Ψ(θ = pi/4, m = N/2)N
To derive an analytical lower bound for the asymptotics of the entropy of coherence for Ψ(π/4, N/2)N , one can use
the asymptotics for the central binomial coefficient. Note that the asymptotic value of mink p(k) := mink |〈k,N −
k|Ψ(π/4, N/2)N〉|2 is 4πN (log2N + log2 π4 ) for k = N/2. Since −x log2 x is an increasing function on (0, e−1) and the
Fock state amplitudes of Ψ(π/4, N/2)N are increasing in modulus away from |N2 , N2 〉, we have
lim inf
N→∞
N∑
k=0
−p(k) log2 p(k) ≥
(
N
2
+ 1
)
min
k
p(k)
=
4
(
N
2 + 1
)
πN
(
log2N + log2
π
4
)
(B1)
because Ψ(π/4, N/2)N has only
N
2 +1 nonvanishing amplitudes. Therefore, the entropy of coherence of Ψ(π/4, N/2)N
relative to ∆A2 is at least O
(
log2N
2
π
)
.
Appendix C: Entropy of coherence for ΦN
For ΦN , the joint probability density pX,Y (x, y) on the subset K ⊂ Z×2 defined by K = {(x, y) : x ≥ 0 , 0 ≤ y ≤ x}
is given by pX,Y (x, y) =
(
2
N+2
)2 (
N
N+2
)x
, independent of y. It follows that
CA(ΦN ) = −
∑
(x,y)∈K
pX,Y (x, y) log2 pX,Y (x, y)
=
∑
(x,y)∈K
(
2
N + 2
)2(
N
N + 2
)x
log2
(
2
N + 2
)2 (
N
N + 2
)x
=
∞∑
x=0
(
2
N + 2
)2(
N
N + 2
)x
(x + 1) log2
(
2
N + 2
)2 (
N
N + 2
)x
=
2N
N + 2
log2
N + 2
2
+
N
N + 2
log2
N + 2
N
+
4
N + 2
log2
N + 2
2
+ (N + 1) log2
N + 2
N
∼ log2N2. (C1)
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Since log2(2N +1)(N +1) ∈ log2N2 +O(1), Eq.(15) shows that the asymptotically optimal distillation rate of M˜CN
from ΦN is 1.
The state M˜CN also exhibits large coherence in QCRTF
(A), although it is not a state of maximal coherence in
S(F2).
CA(M˜CN ) =
2N∑
x=0
x∑
y=0
1
(2N + 1)(x+ 1)
log2(2N + 1)(x+ 1)
=
1
2N + 1
log2 2N + 1 + log2 2N + 1 +
1
2N + 1
log2 2N + 1! (C2)
